
Chapter 6

Temporal-Di↵erence Learning

If one had to identify one idea as central and novel to reinforcement learning, it would
undoubtedly be temporal-di↵erence (TD) learning. TD learning is a combination of
Monte Carlo ideas and dynamic programming (DP) ideas. Like Monte Carlo methods,
TD methods can learn directly from raw experience without a model of the environment’s
dynamics. Like DP, TD methods update estimates based in part on other learned
estimates, without waiting for a final outcome (they bootstrap). The relationship between
TD, DP, and Monte Carlo methods is a recurring theme in the theory of reinforcement
learning; this chapter is the beginning of our exploration of it. Before we are done, we
will see that these ideas and methods blend into each other and can be combined in many
ways. In particular, in Chapter 7 we introduce n-step algorithms, which provide a bridge
from TD to Monte Carlo methods, and in Chapter 12 we introduce the TD(�) algorithm,
which seamlessly unifies them.

As usual, we start by focusing on the policy evaluation or prediction problem, the
problem of estimating the value function v⇡ for a given policy ⇡. For the control problem
(finding an optimal policy), DP, TD, and Monte Carlo methods all use some variation of
generalized policy iteration (GPI). The di↵erences in the methods are primarily di↵erences
in their approaches to the prediction problem.

6.1 TD Prediction

Both TD and Monte Carlo methods use experience to solve the prediction problem. Given
some experience following a policy ⇡, both methods update their estimate V of v⇡ for
the nonterminal states St occurring in that experience. Roughly speaking, Monte Carlo
methods wait until the return following the visit is known, then use that return as a
target for V (St). A simple every-visit Monte Carlo method suitable for nonstationary
environments is

V (St) V (St) + ↵
h
Gt � V (St)

i
, (6.1)
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where Gt is the actual return following time t, and ↵ is a constant step-size parameter (c.f.,
Equation 2.4). Let us call this method constant-↵ MC. Whereas Monte Carlo methods
must wait until the end of the episode to determine the increment to V (St) (only then is
Gt known), TD methods need to wait only until the next time step. At time t + 1 they
immediately form a target and make a useful update using the observed reward Rt+1 and
the estimate V (St+1). The simplest TD method makes the update

V (St) V (St) + ↵
h
Rt+1 + �V (St+1)� V (St)

i
(6.2)

immediately on transition to St+1 and receiving Rt+1. In e↵ect, the target for the Monte
Carlo update is Gt, whereas the target for the TD update is Rt+1 + �V (St+1). This TD
method is called TD(0), or one-step TD, because it is a special case of the TD(�) and
n-step TD methods developed in Chapter 12 and Chapter 7. The box below specifies
TD(0) completely in procedural form.

Tabular TD(0) for estimating v⇡

Input: the policy ⇡ to be evaluated
Algorithm parameter: step size ↵ 2 (0, 1]
Initialize V (s), for all s 2 S

+, arbitrarily except that V (terminal) = 0

Loop for each episode:
Initialize S
Loop for each step of episode:

A action given by ⇡ for S
Take action A, observe R, S0

V (S) V (S) + ↵
⇥
R + �V (S0)� V (S)

⇤

S  S0

until S is terminal

Because TD(0) bases its update in part on an existing estimate, we say that it is a
bootstrapping method, like DP. We know from Chapter 3 that

v⇡(s)
.
= E⇡[Gt | St =s] (6.3)

= E⇡[Rt+1 + �Gt+1 | St =s] (from (3.9))

= E⇡[Rt+1 + �v⇡(St+1) | St =s] . (6.4)

Roughly speaking, Monte Carlo methods use an estimate of (6.3) as a target, whereas
DP methods use an estimate of (6.4) as a target. The Monte Carlo target is an estimate
because the expected value in (6.3) is not known; a sample return is used in place of the
real expected return. The DP target is an estimate not because of the expected values,
which are assumed to be completely provided by a model of the environment, but because
v⇡(St+1) is not known and the current estimate, V (St+1), is used instead. The TD target
is an estimate for both reasons: it samples the expected values in (6.4) and it uses the
current estimate V instead of the true v⇡. Thus, TD methods combine the sampling of
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Monte Carlo with the bootstrapping of DP. As we shall see, with care and imagination
this can take us a long way toward obtaining the advantages of both Monte Carlo and
DP methods.

TD(0)

Shown to the right is the backup diagram for tabular TD(0). The value
estimate for the state node at the top of the backup diagram is updated on
the basis of the one sample transition from it to the immediately following
state. We refer to TD and Monte Carlo updates as sample updates because
they involve looking ahead to a sample successor state (or state–action pair),
using the value of the successor and the reward along the way to compute a
backed-up value, and then updating the value of the original state (or state–
action pair) accordingly. Sample updates di↵er from the expected updates
of DP methods in that they are based on a single sample successor rather than on a
complete distribution of all possible successors.

Finally, note that the quantity in brackets in the TD(0) update is a sort of error,
measuring the di↵erence between the estimated value of St and the better estimate
Rt+1 + �V (St+1). This quantity, called the TD error, arises in various forms throughout
reinforcement learning:

�t

.
= Rt+1 + �V (St+1)� V (St). (6.5)

Notice that the TD error at each time is the error in the estimate made at that time.
Because the TD error depends on the next state and next reward, it is not actually
available until one time step later. That is, �t is the error in V (St), available at time
t + 1. Also note that if the array V does not change during the episode (as it does not in
Monte Carlo methods), then the Monte Carlo error can be written as a sum of TD errors:

Gt � V (St) = Rt+1 + �Gt+1 � V (St) + �V (St+1)� �V (St+1) (from (3.9))

= �t + �
�
Gt+1 � V (St+1)

�

= �t + ��t+1 + �2
�
Gt+2 � V (St+2)

�

= �t + ��t+1 + �2�t+2 + · · · + �T�t�1�T�1 + �T�t
�
GT � V (ST )

�

= �t + ��t+1 + �2�t+2 + · · · + �T�t�1�T�1 + �T�t
�
0� 0

�

=
T�1X

k=t

�k�t�k. (6.6)

This identity is not exact if V is updated during the episode (as it is in TD(0)), but if the
step size is small then it may still hold approximately. Generalizations of this identity
play an important role in the theory and algorithms of temporal-di↵erence learning.

Exercise 6.1 If V changes during the episode, then (6.6) only holds approximately; what
would the di↵erence be between the two sides? Let Vt denote the array of state values
used at time t in the TD error (6.5) and in the TD update (6.2). Redo the derivation
above to determine the additional amount that must be added to the sum of TD errors
in order to equal the Monte Carlo error. ⇤
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Example 6.1: Driving Home Each day as you drive home from work, you try to
predict how long it will take to get home. When you leave your o�ce, you note the time,
the day of week, the weather, and anything else that might be relevant. Say on this
Friday you are leaving at exactly 6 o’clock, and you estimate that it will take 30 minutes
to get home. As you reach your car it is 6:05, and you notice it is starting to rain. Tra�c
is often slower in the rain, so you reestimate that it will take 35 minutes from then, or a
total of 40 minutes. Fifteen minutes later you have completed the highway portion of
your journey in good time. As you exit onto a secondary road you cut your estimate of
total travel time to 35 minutes. Unfortunately, at this point you get stuck behind a slow
truck, and the road is too narrow to pass. You end up having to follow the truck until
you turn onto the side street where you live at 6:40. Three minutes later you are home.
The sequence of states, times, and predictions is thus as follows:

Elapsed Time Predicted Predicted
State (minutes) Time to Go Total Time
leaving o�ce, friday at 6 0 30 30
reach car, raining 5 35 40
exiting highway 20 15 35
2ndary road, behind truck 30 10 40
entering home street 40 3 43
arrive home 43 0 43

The rewards in this example are the elapsed times on each leg of the journey.1 We are
not discounting (� = 1), and thus the return for each state is the actual time to go from
that state. The value of each state is the expected time to go. The second column of
numbers gives the current estimated value for each state encountered.

A simple way to view the operation of Monte Carlo methods is to plot the predicted
total time (the last column) over the sequence, as in Figure 6.1 (left). The red arrows
show the changes in predictions recommended by the constant-↵ MC method (6.1), for
↵ = 1. These are exactly the errors between the estimated value (predicted time to go)
in each state and the actual return (actual time to go). For example, when you exited
the highway you thought it would take only 15 minutes more to get home, but in fact it
took 23 minutes. Equation 6.1 applies at this point and determines an increment in the
estimate of time to go after exiting the highway. The error, Gt � V (St), at this time is
eight minutes. Suppose the step-size parameter, ↵, is 1/2. Then the predicted time to go
after exiting the highway would be revised upward by four minutes as a result of this
experience. This is probably too large a change in this case; the truck was probably just
an unlucky break. In any event, the change can only be made o↵-line, that is, after you
have reached home. Only at this point do you know any of the actual returns.

Is it necessary to wait until the final outcome is known before learning can begin?
Suppose on another day you again estimate when leaving your o�ce that it will take 30
minutes to drive home, but then you become stuck in a massive tra�c jam. Twenty-five
minutes after leaving the o�ce you are still bumper-to-bumper on the highway. You now

1If this were a control problem with the objective of minimizing travel time, then we would of course
make the rewards the negative of the elapsed time. But because we are concerned here only with
prediction (policy evaluation), we can keep things simple by using positive numbers.



6.1. TD Prediction 123

road

30

35

40

45

Predicted
total

travel
time

leaving
office

exiting
highway

2ndary home arrive

Situation

actual outcome

reach
car street home

actual
outcome

Situation

30

35

40

45

Predicted
total
travel
time

road
leaving
office

exiting
highway

2ndary home arrivereach
car street home

Figure 6.1: Changes recommended in the driving home example by Monte Carlo methods (left)
and TD methods (right).

estimate that it will take another 25 minutes to get home, for a total of 50 minutes. As
you wait in tra�c, you already know that your initial estimate of 30 minutes was too
optimistic. Must you wait until you get home before increasing your estimate for the
initial state? According to the Monte Carlo approach you must, because you don’t yet
know the true return.

According to a TD approach, on the other hand, you would learn immediately, shifting
your initial estimate from 30 minutes toward 50. In fact, each estimate would be shifted
toward the estimate that immediately follows it. Returning to our first day of driving,
Figure 6.1 (right) shows the changes in the predictions recommended by the TD rule
(6.2) (these are the changes made by the rule if ↵ = 1). Each error is proportional to the
change over time of the prediction, that is, to the temporal di↵erences in predictions.

Besides giving you something to do while waiting in tra�c, there are several computa-
tional reasons why it is advantageous to learn based on your current predictions rather
than waiting until termination when you know the actual return. We briefly discuss some
of these in the next section.

Exercise 6.2 This is an exercise to help develop your intuition about why TD methods
are often more e�cient than Monte Carlo methods. Consider the driving home example
and how it is addressed by TD and Monte Carlo methods. Can you imagine a scenario
in which a TD update would be better on average than a Monte Carlo update? Give
an example scenario—a description of past experience and a current state—in which
you would expect the TD update to be better. Here’s a hint: Suppose you have lots
of experience driving home from work. Then you move to a new building and a new
parking lot (but you still enter the highway at the same place). Now you are starting
to learn predictions for the new building. Can you see why TD updates are likely to be
much better, at least initially, in this case? Might the same sort of thing happen in the
original scenario? ⇤


